Abstract. The computation of the wave propagation in homogeneous and layered soils can be performed by a numerical integration in wavenumber domain. The numerical difficulties of an infinite integral and an integrand
EXACT METHOD FOR THE WAVE FIELD OF LAYERED SOILS
The compliance N(f, k)of the layered soil is calculated by matrix methods in frequencywavenumber domain [1] , and the particle velocity response v at a distance r from a point force F with frequency f follows as the infinite wavenumber integral with the Bessel function J 0 , and the result H P is also called the transfer (admittance) function. The maxima of the admittance fN(f,k) in frequency-wavenumber domain can also be used to establish the dispersion of the soil model [5] .
APPROXIMATE METHODS FOR THE PREDICTION OF TRAIN INDUCED GROUND VIBRATION
The approximate prediction of train induced ground vibration [6] consists of four parts. The first part is the dynamic axle load spectrum F(f) which is approximately 1 kN per third-of octave [7] . The second part is a force reduction function due to the distribution of the load across the track width a 
where v R is the velocity of the Rayleigh wave. The third part is the transfer function of the soil for a train load excitation ) , ( ) , ( which is calculated as the sum of the contributions of all n axles at positions y j along the train length L (where n = 40 and L = 250 m are used as standard values), and x is the distance from the track. For each axle, the transfer function of a point load H P (r j , f) is used. This transfer function includes the characteristics of the soil, and its fast approximate calculation is shown in the next section. The prediction of the railway induced ground vibration follows as
APPROXIMATE DISPERSAL SOIL METHOD
A two step procedure to calculate approximately the transfer function of a layered soil has been developed. In the first step, the dispersion of the layered soil is approximated, and in the second step, the transfer function of a dispersal soil is approximated. The approximate method is faster and also yields smoother results than the exact method which can sometimes include strong interferences between different wave types.
Approximate dispersion
The exact dispersion curves of layered, multi-layered and continuously layered soils have been used to derive an approximate calculation of the Rayleigh wave dispersion v R (f) from the soil profile v S (z). It is based on the approximated dispersion of a layer on a stiffer half-space with the wave velocities v R1 and v
which is extended to a multi-layered situation. A correction for each layer is added to the wave speed v R1 of the top layer
i is the depth where the layer i ends.
Approximate transfer functions
The amplitudes of a homogeneous soil can be approximated by the asymptotes The upper part of equation (6) describes the near-field and the low-frequency response. At r* = r 0 * starts the lower part of equation (6), the far field which is dominated by the Rayleigh wave, see [4] for more details.
The amplitudes of a homogeneous soil can be used to calculate the wave-field of an inhomogeneous soil. The amplitudes of the inhomogeneous soil with its dispersion v R (f) are approximated by the amplitudes of a homogeneous half-space, but for each frequency the half-space has a different wave speed -the wave speed v R (f). This method works very well for a soil with continuously increasing stiffness.
If this method is applied to a clearly layered situation, the following modifications must be included: A frequency-dependent resonance amplification
can be introduced, where
are used for the normalized frequency , the resonance frequency f 0 , and the resonance damping D R is calculated according to the 1-dimensional wave theory. The effect of soft top layers on the low-frequency near-field and the effect of stiff deeper layers on the high-frequency far-field are included by a general procedure. Normally at a certain frequency f, the half-space amplitudes of the corresponding wave velocity v R (f) is calculated. Corrections of the transfer functions are made if deeper and stiffer soil material yields greater half-space amplitudes, or softer top layers yield greater "layer amplitudes" which are approximated by A L = A H exp(-ar/h), according to the low frequency behaviour of a layer on a rigid base. The greatest amplitude is always chosen as the correct transfer function.
It has been observed that the method is improved if a modified dispersion, which is shifted one third of octave to the left, and a minimum resonance damping of D R = 0.1 is used.
IDENTIFICATION OF THE SOIL MODEL

Wave method
The dispersion v R (f) of the soil is derived from the measurements by the frequencywavenumber transform method in this contribution, but other methods as the spectral analysis of surface waves SASW or the spatial autocorrelation method SPAC are also in use [5] .
The corresponding soil model is found by comparing the calculated dispersion R (f) for each soil model with the measured dispersion v R (f). The total error for all frequencies is minimized on a grid of soil parameters yielding the soil model that fits best the measured dispersion (grid search algorithm). Instead of calculating the exact dispersion, the approximate dispersion function (6) can be used to achieve acceptable results in short computation time. In addition to the velocity profile v S (z) from the dispersion, the damping D of the soil is evaluated from the measured amplitude-distance relations [5] .
Transfer function method
The soil parameters can also be derived from the measured transfer function H(f, x). A high number of transfer functions H (f, x) have to be calculated and compared with the measured transfer function H(f, x). The total error for all distances and frequencies is minimized on a grid of soil parameters yielding the soil model that fits best the measured transfer function (grid search algorithm). This identification procedure yields both, the wave velocities and the damping, and therefore it is more time consuming than the wave method. The simplified calculation of the transfer function can be used to achieve an acceptable computation time.
APPLICATION TO HOMOGENEOUS SOILS
At first, two examples of homogeneous soils are presented in Figure 2 . Measurements have been performed with an electro-dynamic vibrator and a sensor line from r = 2 to 100 m distance. The excitation force is measured by the acceleration of the moving mass of 150 kg. A resonance of the vibrator and base-plate mass of 200 kg is observed by an additional sensor at 50 or 90 Hz. The increased excitation force at and the reduced force above the resonance have been corrected. The smooth transfer functions, the slowly increasing admittances of all distances can be well approximated by a homogeneous soil model. The shear stiffness or shear wave velocity of the soil determines the amplitudes of the wave field. The small damping has only little effect on the wave amplitudes. The identified soil parameters (v S = 175 and 250 m/s, D = 1.5 and 2 %) agree well with those determined by the wave methods (see Table 1 ). 
APPLICATION TO DIFFERENT LAYERED SOILS
A total of 11 layered soils are presented in the next three sections and four of them are presented in this section by the following detailed results. The measured transfer functions for hammer excitation are shown in Figures 3a to 6a together with the approximating theoretical transfer function (Figs. 3b to 6b) where the approximating parameters can be found in Table 1 . The transfer function which is found from the wave measurements is presented in It should be mentioned that high-frequency amplitudes can be reduced by a stronger damping or by a stiffer soil so that the identification of a soil model is not unique. 
The characteristics of a layered soil
The transfer functions of a layered soil for example in Figure 3 show a stronger increase at low and mid frequencies compared to the homogeneous soils in Figure 2 . The increase is strongest just below the resonance frequency of the layer, where a small resonance amplification can be observed. The resonance or layer frequencies lie between 10 and 64 Hz for all measured sites. The lowest resonance frequency corresponds with a thick layer (h = 17 m, Fig. 5b ), whereas the highest resonance frequency has been found for a thin layer (h = 1 m, Fig. 5c ). For the same thickness h = 2.5 m of the layer, the softer soil of 75 m/s yields the lower resonance frequency of 16 Hz (site U 1 , Fig. 7f compared with site D, Fig. 4b ). The resonance amplification can be higher if the velocity contrast of the shear wave is stronger (sites U 1 , Fig. 7f and Y, Fig. 8a-d ). 
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Comparison of measurements with the approximate theory
The approximated transfer functions in Figures 3b to 6b agree quite well with the measured transfer functions in Figures 3a to 6a . The approximate transfer functions as well as the attenuation with distance are smoother what is beneficial for a robust prediction of railway vibration. Namely the low-frequency low amplitudes are more regular in the approximate theory and compensate possible measurement errors (environmental noise).
Comparison of the transfer function for point and train load
The transfer functions for a point load in Figures 3c to 6c show a stronger attenuation with distance than the transfer functions for a train load (Figs. 3d to 6d ). This effect is strongest for the low frequencies where only the geometric attenuation occurs. At high frequencies with a strong attenuation due to the damping, the reduction of the geometric attenuation is not so noticeable.
Comparison of the predicted and measured train vibration
The prediction of the train induced ground vibration is done with the transfer functions for a train load (Figs 3d to 6d) and a specific excitation spectrum suited for the measurements. The specific excitation spectrum is always close to F(f) = 1 kN for all thirds of octaves (compare Figures 3e to 6e with Figures 3d to 6d) . The predicted train vibration agrees well with the measured train vibration in Figures 3f to 6f . The train spectra are rather smooth spectra with only small peaks. The measured low-frequency amplitudes come close together at some sites, in theory there is always a weak attenuation with distance.
Comparison of train and hammer excitation
The measured transfer function and train vibration (Figs 3a to 6a and 3f to 6f) generally show a good agreement for all sites (except site X 1 where the maximum train vibration are found below the resonance frequency of the layered soil). The characteristics of the layered soils are very similar for the hammer and train excitation while the attenuation is stronger for the hammer.
Comparison of the transfer and wave method
The characteristic layer frequencies are very similar for the transfer and wave method (Figs 3b to 6b and 3c to 6c), 20-25 Hz at site A, 25-32 Hz at site X 1 , and 32 Hz at site D. At site O (Fig. 5) , both methods identify a stiff soil of v S = 300-350 m/s which yields the correct amplitudes in a wide mid-frequency range. A stiffer underlying soil is identified by the wave methods which yields a very low-frequency resonance also observable in the train measurements, whereas the hammer experiments clearly show a high frequency resonance and a softer top layer. Due to environmental noise, the transfer method has some uncertainties at very low frequencies. For site D and particular for site X 1 , the transfer functions for both methods are very similar. The amplitudes are a little lower for the wave method, and the high-frequency amplitudes are approximated by a softer layer and a higher damping using the transfer method. The mid-frequency region with the strong increase and the resonance are usually best evaluable in wave and transfer measurements [5] . A generally good agreement at all frequencies has been found for site A.
MORE EXAMPLES AND CONTINUOUSLY INCREASING SOIL STIFFNESS
The transfer functions of two more sites X 2 and X 3 , which are not far from site X 1 , are given in Figure 7 as measurements and theory. In this case, the soil models are very similar, but this should always be checked experimentally as will be demonstrated in Section 8. Site X 3 (Fig. 7c) shows a stronger resonance amplification in the far field. A similar observation is made at site U 1 in experiment and theory (Figs. 7e,f) and some sites in [2] . Amplitudes higher than 1 mm/s/kN have been measured at this site which correspond with the softest layer material of v S1 = 75 m/s x. A soft layer yields a low resonance frequency without a great thickness (h = 2.5 m). A soft soil also yields the strongest damping effect, and in addition the damping value D = 5 % is also high for site U 1 . Therefore a very strong attenuation with distance at high frequencies is observed. Figure 8 shows measurements and predictions of site Y where all results show a resonance at 32 Hz, for the hammer as well as for the train excitation. The clear resonance is attributed to the strong velocity contrast v S1 /v S2 between the layer and the underlying half-space. At site U 2 , the resonance region is well predicted in Figure 8e , but the measured strong attenuation in the following mid-frequency range (Fig. 8f ) cannot be represented by the theory. The medium attenuation at high frequencies, however, is in good agreement with the material damping of D = 3 %.
The results at site X 1 ( Fig. 6 ) are rather smooth, so that a soil with continuously increasing stiffness has also been fitted to the measurements. which yields a stronger increase with frequency in better agreement with the measurements (Fig. 6a) . It can be seen that the layer approximation in Figure 6b is a little better than the continuous approximation. Figure 9c shows the results of a vibrator testing at site V with a continuously increasing stiffness of the soil. The approximating transfer functions in Figure 9d agree well with the vibrator measurements as well as with the hammer measurements in [1] , and the corresponding model agrees well with the model identified from the wave measurements. Due to the very soft top layer, a rather low resonance frequency of the vibrator on the soil has been found at 30 Hz. This has been confirmed and corrected by stress measurements in the soil below the vibrator.
The layered soil of the next section (site W 1 ) has also been investigated by vibrator excitation (Fig. 9e) . The strong increase of the transfer functions up to 25 Hz indicates the layered situation with a corresponding resonance frequency. The vibrator resonance at 50 Hz has been corrected as well as a redistribution of the low amplitudes at 10 Hz to higher harmonics at 20 and 30 Hz. The transfer-based soil models of this section and namely those from the vibrator experiments are in good agreement with the results of the wave method.
SPEED DEPENDANCY OF THE AMPLITUDES IN LAYERED SOILS
At the two sites W 1 and W 2 in only 100 m distance, trains with different speeds have been measured. At site W 1 a strong increase of the amplitudes with train speed has been found whereas the amplitudes remain constant at site W 2 . The explanation has been identified by the different layering of the soils (Figs 10a,c) . Both sites have the same layer and half-space materials, but site W 2 has a deeper layer (h = 10 m) compared to site W 1 (h = 5 m). This fact yields a lower resonance frequency at 12 Hz compared to 25 Hz at site W 2 .
The ground vibration due to the train passage with 200 km/h is shown for both sites in Figure 10b ,d. An important component can be seen around 16 Hz (Fig. 10d) which is dominant in the far field. This component is above the resonance frequency and has high amplitudes for site W 2 . At site W 1 (Fig. 10b) , this component is below the resonance frequency and has smaller amplitudes. The maximum amplitudes are rather at the layer resonance than at the mid-frequency excitation. For the speed variation it can be concluded: High and nearly constant amplitudes are observed for different train speeds if the mid-frequency range is higher than the resonance frequency. A strong increase of the amplitudes is observed if the mid-frequency component is just in the range of the strong increase before the resonance. These two extreme situations have been met at sites W 1 and W 2 during the highspeed tests [8] . 
CONCLUSIONS
A fast method has been presented to calculate approximately the transfer functions of a layered soil in good agreement with the exact theory. The approximate method has been beneficially used for the identification of a soil model and for the prediction of train-induced ground vibration at 14 real sites, see Table 1 . Whereas two sites consist of an almost homogeneous soil and one site of a soil with continuously increasing stiffness, all other sites clearly demonstrate the typical behaviour of a layered soil. The transfer functions have low low-frequency amplitudes of the stiffer underlying soil and high high-frequency amplitudes of the softer layer. In the mid-frequency range the amplitudes strongly increase and a resonance amplification can occur. The resonance or layer frequency has been found between 10 and 64 Hz for the different sites, depending on the stiffness and depth of the layer. The influence of the soil has been clearly presented for an example of train vibration, but it is generally a) b)
stronger for hammer excitation. Many items agree well between predicted and measured transfer functions and train vibrations, and between the transfer-and wave-based soil identification, validating thereby the prediction method. Alternative prediction methods are also available which use directly the measured or the exactly calculated transfer functions [4] , or calculated force spectra [7] .
